Abstract. Nested parentheses are forms in an algebra which define orders of evaluations. A class of well-formed sets of associated opening and closing parentheses is well studied in conjunction with Dyck paths and Catalan numbers. Nested parentheses also represent cuts through circles on a line. These become topologies of non-intersecting circles in the plane if the underlying algebra is commutative.
Paired Parentheses and Catalan Numbers
In a (non-commutative) algebra, opening and closing parentheses prescribe the order of grouping and evaluating expressions.
Definition 1.
A string of parentheses is well-formed if the total number of opening parentheses equals the number of closing parentheses, and if the subtotal count of opening parentheses is always larger than or equal to the subtotal count of closing parentheses while parsing the string left-to-right. Remark 1. Equivalently one may demand that the subtotal of closing parentheses is always larger or equal to the subtotal of opening parentheses while parsing the string right-to-left.
The well-formed nested parentheses form sets P N of expressions with N pairs of parentheses.
Definition 2. P N is the set of all well-formed expressions with N pairs of parentheses.
There are expressions that can be factored -in the algebra-by cutting the string at some places such that the left and right substrings are also well-formed. The number f of their factors puts the elements of P N into disjoint subsets:
N is the set of all well-formed expressions with N pairs of parentheses and 1 ≤ f ≤ N factors. 
= {(((()))), ((()())), ((())()), (()(())), (()()())}; (9)
Remark 2. The opening and closing parentheses are the two letters in an alphabet of words, with a grammar that recursively admits words (1) that are the empty word, (2) that are concatenations of two words, (3) that are concatenations of the first letter, a word, and the second letter.
If the opening parentheses are replaced by U and the closing parentheses replaced by D an equivalence with Dyck paths arises; the number of returns to the horizontal line in the paths is equivalent to the number of factors in the expression. This leads straight to the well-known Catalan triangle [11, A033184] 
Remark 4.
A computer representation uses the two binary digits 1 and 0 to represent the opening and the closing parenthesis in the aforementioned alphabet of two letters [11, A063171,A014486] . (Then the most-significant bit is always 1. The swapped mapping is less useful because it needs to deal with the numerical representation of leading zeros in the binary number.) Because the rightmost part is absent for the unique case of missing parentheses, N = 0, or a closing parenthesis, all these representations are even numbers. This representation by non-negative integers induces a strict ordering in the set of nested parentheses.
Example 2. () = 10 2; ()() = 1010 2; (()) = 1100 2; ()()() = 101010 2 ; ()(()) = 101100 2 ; (())() = 110010 2 ; (()()) = 110100 2 ; ((())) = 111000 2.
The expressions with one factor are given by embracing any expression with one pair less at the left and right end with a pair of matching parentheses:
The number of expressions with f factors is given by considering any concatenated "word" of factorizations [6] ,
where the sum is over all compositions ("ordered" partitions) of N into positive parts N j such that subexpressions do not factor any further. A well-formed expression of parentheses represents a set of N nested circles if we join the upper and lower end of each associated pair of parentheses. The radii of the circles are growing functions of their spatial distance in the expressions; their mid points are on a straight line, and no perimeters of any pair of circles intersect. The string of opening and closing parentheses is a record of entering or leaving a circle while poking from the outside along the line through all circles. For each pair of circles (i) either the smaller one is entirely immersed in the larger one or (ii) they have no common points. The number of factors still is a unique parameter of each well-formed set of expressions, so
We "lose" some of the sets of parenthesis relative to Section 1, because for example now the expressions ()(()) and (())() are considered the same: |C N | ≤ |P N |. This reduction in the admitted expressions applies recursively to all sub-expressions that are obtained by "peeling" the surrounding pair of parentheses off expressions with a single factor.
Remark 5. The reduction of equivalent expressions to a single representation requires some convention of which ordering of the factors is the admitted one. One convention is to map each factor to an integer with the representation of Remark 4, to put these factors into non-increasing or non-decreasing numerical order, and to concatenate their binary representations left-to-right to define the representative.
Example 4. 2 , and so on. For each part N j with repetition c j we compute the number of lists of c j elements taken from a set of |C (1) Nj |, possibly selecting some elements more than once or not at all. This is the number of weak compositions of c j into C Table 2 shows the phenomenon that at large N the values at large f converge to the sequence the envelope as Knopfmacher and Mays call it [7] . This is the Euler transform of |C N | [1] and means that if the number of factors is large, most of the factors are the element C 1 (1) = {()} and only few combinations remain to exhaust the others.
Returning to the interpretation of P N as non-intersecting circles on a line, considering the order of factorizations unimportant means that C N contains topologically distinct sets of non-intersecting circles that are free to move away from the line-as long as they stay within the boundaries of their surrounding circles. The two circles inside the bigger circle in Example 3 are allowed to bump around within the bigger circle, and the big and the outer small circle may also jointly move to other places.
Remark 6. This is a planetary model of the circles in the sense that each circle can "rotate" inside its surrounding circle, and all these geometries are considered equivalent.
Definition 6. The generating function for the number of nested expressions in the commutative algebra is Each unlabeled tree can be mapped to a circle set topology by constructing the line graph of the tree, associating circles with nodes of the line graph, and arranging the circles on the sphere such that they can touch (by moving them on the sphere and changing radii) iff they are connected in the line graph. The tree is a connectivity diagram of the regions on the sphere surface: an edge in the tree indicates one must cross a circle boundary to enter a different region. Any expression of nested circles in the plane can be interpreted as a set of circles embedded in a sphere surface: draw a big circumscribing circle around the set of all circles and interpret it as an equator of the sphere. This defines a mapping of sets of circle topologies of the plane onto one circle topology of the sphere, because topologies that are related by flipping the interior and exterior region of a circle are no longer distinct on the sphere. In our notation of nested parentheses, such a flip starts with a nested expression A ( B ), where A and B are well-formed (potentially empty) subexpressions. After embedding in the sphere, the closing parenthesis can be torn across the back surface of the sphere to the opposite side, ending up with ( A ) B. There are as many flip operations as there are factors in the expression because one can move any of them to the right before the flip-although some of their images may be the same because factors may be equal, and although in some cases the image may be the same as the original expression.
Example 5. The flip operation on ()()() gives (()()).
Example 6. The flip operation on (())() gives ((())) if the () factor is flipped. It gives ()(()) when the (()) factor is flipped; in that case the image is the same as the original, because the order of the two factors does not matter here. So the C N circle sets in the plane can be sorted into clusters which assemble all expressions that are mutually convertible by a chain of flip transformations. The number of clusters in C N equals the number of topologically distinct circle sets embedded in the sphere surface. 
The implicit equation of the generating function for the total number of topologies in the plane is [8] (29)
configurations exist: a circle inside a circle, a circle inside a square, a square inside a circle, a square inside a square, two disjoint circles, two disjoint squares, or a separated square and circle.
The case with k = 2 shapes is further illustrated in Table 3 , the case with k = 3 shapes in Table 4 . The values on the diagonals are 3. Topologically Distinct Circle Sets, One Circle Marked 3.1. Base-4 Notation. In Section 2 the circles are moving without intersecting and qualitatively equal. We move on to the combinatorics of circle sets where one of them is marked (for example by a unique color, by morphing it into an ellipse or replacing it by a square). The equivalent modification in the commutative algebra is to introduce another symbol, a pair of brackets [], to locate the modified evaluation of a subexpression. Factorization is defined as before, and the marked circle is not intersecting with any of the other circles as before. 
N is the set of N circles with f factors, one of these circles marked. Table 5 . The number of nonintersecting circles with one of them marked. |M N | are the row sums and |M Example 8.
Recurrences. An overview of how many distinct arrangements exist is given in Table 5 . The set of M (1) N is created by either (i) wrapping an expression without a marked sphere into a bracket, or by (ii) wrapping an expression that already contains a marked sphere into a pair of parentheses:
For expressions with f ≥ 2 factors we may always move the factor with the bracket to some pivotal (say the leftmost) factor because the order of factors does not matter in Sections 2 and 3. That pivotal factor needs, say, N ′ pairs of parentheses (including the marked), and all the other factors may be varied as a set of the C type:
Definition 8. The generating function of the topologies of non-intersecting circles with one marked is
If we sum on both sides of (42) over f , insert (13) for the sum over the C and (41) to eliminate the M (1) N ′ on the right hand side, Jovovic's relation shows up [11, A000243] (44)
. 
Example 9. Removing in Example 8 the expressions where the bracket pair embraces other parentheses yields:
= {(()())[], ((()))[], (([]))(), ([])(()), ([]())()}. (54)
The topologies with that scenario are counted in Table 6 . With the same argument as in Equation (42), scenarios with an empty bracket need to locate the bracket at some fixed factor, and let the other factors generate all possible diagrams with the remaining parentheses: Table 6 . The number of nonintersecting circles, one marked. |M
On the diagonals of Tables 5 and 6 we find
because the only expressions with as many factors as circles is the product of singletons, M Table 6 duplicates the total of the previous row:
This is easily understood because each element of the set M N −1 by a pair of (non-marked) parentheses, so the "void" within the bracket is conserved.
In a similar manner |M
| is understood by "peeling off" the outermost pair of parentheses of the element of M (1,v ) N and placing it as an extra factor () aside from the peeled expression. This association works because the outermost pair of parentheses is never the bracket.
In summary, all entries of Table 5 and 6 can be recursively generated from Table  2 with the aforementioned 4 formulas. The serialized notation is well-suited for computerized managing, but again has the drawback that the freedom of moving circle sets around as long as no new intersections are induced is not strictly enforced. We add the following constraints to the serialized notation to avoid over-counting those circle sets with two intersections:
(1) The regions reg1, reg2 and reg3 host members of the C N collection. This basically ensures that their circle sets do not introduce intersections by peeking beyond the enclosures defined by the bracket pair. Note that no such rule is enforced on reg0 and reg4 because we allow the crossing circles to be inside other circles; so an expression like ( 
Definition 10. X (f )
N is the set of N circles with f factors, two circle rims intersecting in two points. 
4.2. Recurrences. Table 7 shows how many expressions are in the sets X N and X The argument of isolating the factor that contains the bracket pair that led to Equation (42) remains valid, so
The dismantling of the sole factor of an expression of X
N that contains the two brackets shows two variants: if the outer parentheses are the round parenthesis, the expression has been formed by embracing any expression with N − 1 circles, which contributes |X N −1 |. If alternatively the expression is of the form stripped down to where reg4 and reg0 are empty, we count the number of ways of construction reg3, reg2 and reg1 with a total of N − 2 circles by a function D n−2 : Example 12. The 6 expressions that contribute to
The distribution of the N circles over reg3, reg2 and reg1 has no further restrictions to place any member of C into reg2, which reduces D by composition to another functionD of the form
D N counts the number of ways of placing N circles in total into reg3 and reg1 such that each expression is a member of C and such that the third rule of Section 4.1 of counting only the "ordered" pairs is obeyed. If N is odd, the expressions in two regions necessarily differ because they must have a different number of circles, so the rule may for example be implemented by putting always the expression with the lower number into one region:
If N is even, an additional format appears where the expressions in reg3 and reg1 have the same number of circles. Because these elements of |C N/2 | may be put into a strict order, the triangular number with that argument counts the "non-ordered" pairs of these:
In terms of the generating functions (24), (43) and
this type of half convolution in the previous two equations may be summarized as
Remark 8. The symmetry enforced to the contents of reg1 and reg3 is the symmetry of the cyclic group of order 2. The cycle index for this group is (t 
Summing (69) over f and using (70) leads to
4.3.
Pair of Touching Circles. If there are no further circles in the area of the intersection, the two intersecting circles may be moved apart until they touch in a single point. These borderline cases are destilled from the previous analysis by counting expressions only where the two inner brackets appear side by side, i.e, where reg2 is empty. We call these sets of configurations X (f,t) N where the label t indicates touching.
is the set of N circles with f factors, two circle rims touching at one point.
Example 16. If we remove the expressions from Example 11 where other circles appear within the innermost of the two square brackets, the following list emerges: 
The strategy of isolating the factor with the brackets that lead to (70) remains valid:
The formula that distributed the N − 2 circles within the three regions in the intersecting circles now needs to skip the cases where some of them are in reg2.
And instead of (70) we immediately skip to 
4.4.
One or More Intersecting Pairs. The topologies of the members of the sets X N are mapped onto rooted trees representing the dependence of "being a circle inside another" as "being a branch of a node that represents the enclosing circle." The plane is the root of the tree. There is no limit of how many branches a node can have. Moving around circle clusters freely means that the nodes are counted without a notion of order. The sole exception-which distinguishes C N from X N -is that the tree must have a single node representing the intersecting circle pair which has up to three nodes (the three regions) that partially respect order because the circle clusters in reg2 are topologically considered different from circle clusters in reg1 or reg3.
If one chops the node representing the plane off the tree, it becomes a rooted forest, where the number of rooted trees is the factor f of the interpretation as nested parentheses.
The natural extension of these rules is to symmetrize the rules for the branches in that rooted forest, i.e., to allow circles and the three regions in the intersecting circle pair to host any number of intersecting circle clusters or intersecting circle pairs. The restriction that remains is that intersection of more than two circles are still not considered.
Definition 12.
2 X N is the set of topologies of N nested circles in the plane where each circle intersects with at most one other circle.
N is the set of topologies of N nested circles with f factors, i.e., with f of these objects that are not inside any other of these objects.
Definition 13. The generating function is
Example 17. This is a circle bundle in 2 X
7 which is not in X 7 :
The outer pair of 2 intersecting circles contains another pair of 2 intersecting circles (amongst others) in one of its three regions.
The grand book-keeping of placing these objects side by side works as before, and the empty plane is the unique way of not having any circles:
The difference starts where the objects at f = 1 are dismantled. These are not the two types considered in (41), (70) or (93) nor the k types as in (27). The compound object is either a circle that hosts the same type of objects with one circle less, or a pair of intersecting circles with other objects of the same type in their regions:
D N −2 is the number of ways of distributing objects of the 2 X type with a total of N − 2 circles into three regions with the symmetry rules of Section 4.2.
With the splitting rule of Section 4.2 the overlapping reg2 may contain any number of the elements of 2 X and the other two regions share the remaining number of circles as if the set was ordered. Copying from (72) and (76), Table 9 . The number of topologies of nested N circles intersecting at most as binaries, | 2 X N |, and the subcounts with f factors, The 7 regions inside the circles may be labeled by the circles that cover them: 1, 12, 2, 23, 3, 13, 123. The symmetry of the diagram is established by three mirror lines that pass through 12, 23 and 13, and a symmetry for rotations by multiples of 120
• around the center. The symmetry group is the noncyclic group of order 6. A permutation representation is (1)(23) for the first generator and (123) for the second [9] . The elements are
• the unit element (1)(2)(3) which contributes t 3 1 to the cycle polynomial, • the first generator which contributes t 1 t 2 , • the second generator which contributes t 3 , • the square of the second generator, (132), which contributes t 3 , • the element (12) which contributes t 1 t 2 , and • the element (13) which contributes t 1 t 2 . The cycle index is (t The 7 regions inside the circles may be labeled by the circles that cover them: 1, 12, 2, 23, 3, 13, / ∈ 123. The symmetry is the same as for 3,1 X 3 above. The 7 regions inside the circles may be labeled by the circles that cover them: 1, 12, 123, 23, 3, 2, 2, using overline and underline to register the upper and lower regions of the pieces of circle 2. The appearance of the regions 2 and 2 introduces an additional up-down mirror symmetry. The symmetry group is the noncyclic group of order 4, which has the generators (34) and (12) [9] . The elements are
• the unit element (1)(2)(3)(4) which contributes t 4 1 to the cycle polynomial, • the first generator which contributes t The 5 regions inside the circles may be labeled by the circles that cover them: 1, 12, 123, 23, 2. The cycle index is t 1 . Let 3 X N ⊇ 2 X N denote the arrangements of N nested circles which admit the topologies of simple circles, the one topology of two-circle intersections and the six topologies of three-circle intersections in the subregions.
Example 20. This is an element of 3 X
